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Abstract

Ghost fields arise from the quantization of the gauge field with constraints (gauge fixing) through the path integral
method. By substituting a form of identity, an effective propagator will be obtained from the gauge field with constraints
and this is called the Faddeev-Popov method. The Grassmann odd properties of the ghost field cause the gauge
transformation parameter to be Grassmann odd, so a BRST transformation is defined. Ghost field emergence with
Grassmann odd properties can also be obtained through the least action principle with gauge transformation, and thus the
relations between the BRST transformation parameters and the ghost field is obtained.
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INTRODUCTION

The gauge field Lagrangian with constraints
is not necessarily gauge invariant, therefore one
constructs an effective Lagrangian from the gauge
field. While the path integral quantization of the
Yang-Mills theory with constraints forces the
effective Lagrangian to have a ghost term in it. The
existence of the ghost term in Lagrangian effectively
shows that the system phase-space has been
extended with the ghost degree of freedom. From
this ghost freedom one defines BRST
transformation with the transformation parameter
which is similar to a ghost field. However, the
presence of the ghost term in effective Lagrangian
through path integral quantization does not show
explicit relations between the gauge transformation
parameter and the ghost field.

In this paper, it will be shown that the ghost
fields and gauge transformation parameters have
relations by using the least action principle. In order
to show the validity of these relations, we compare
effective Lagrangian obtained from the least action
principle, BRST variations and path integrals.
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The first part of this paper provides an
overview of the gauge transformation. The second
part explains the path integral quantization and the
Faddeev-Popov method in finding effective
propagators that leads to effective Lagrangian.
While the third part discusses the least action
principle which shows that the ghost field is a gauge
transformation parameter with Grassmann odd
properties. This property exists to make sure that the
effective Lagrangian is gauge invariant. So that the
BRST transformation is a gauge transformation with
Grassmann odd parameters. Therefore, any
Lagrangian that gauges invariant must be BRST
invariant. This is explained in the fourth part about
BRST symmetry.

In addition, the BRST operator is defined to
be nilpotent which makes the second variation
always zero. This property makes any Lagrangian
with a BRST variation form to have an invariant
BRST action. This helps in determining the
effective Lagrangian.

GAUGE TRANSFORMATION

The gauge transformation of the gauge field can be
expressed as [1, 2]
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Ay = Ay~ etaffa (@) + 2 6,0,(a" ) (1)
A = A~ feAba (") + -9, (a" (") 2)
where f9,. is the structure constant of the gauge
group, g is the gauge field coupling constant, t, is
the gauge group generator, a®(x*) is the gauge
transformation parameter that dependent on space-

time, and a,b,c indexes expresses the internal
symmetry index of the gauge field.

Lagrangian of Yang-Mills field with Lorenz
gauge condition is

L=~ ESEL —5:5a(0,45) (0¥A%) ®3)
where the Yang-Mills field Lagrangian is gauge
invariant. Gauge fixing Lagrangian (Lorenz gauge)
is not necessarily invariant so effective action and
Lagrangian are needed to find the propagator of 4,

field as follows
7= <A#iti|Auftf> = [ DA, e @)

FADDEEV-POPOV METHOD

The Faddeev-Popov method substitutes
identity into eq. (4) so that an effective propagator is
obtained from the gauge field with constraints. The
gauge invariant form of identity is given by [2, 3]

1 = 2p(AY) J Da 5(F°[AY]) =
Ap(Ay,) [ Da 5(F2[A,)). (5)
The [Da factor can be separated because the
integrant does not depend on « so that the Z
propagator can be written as

Z = [ DA, Ap(A,)8(FA,]) 5. (6)
Whilst, from the form of identity obtained [3]
S§F%
Ar(A,) = det |§ o, = detM @)
with the integral representation of the determinant

expressed in the Gaussian integral of the
anticommuting field (Grassmann odd) [4]. In the
case of finite dimensions, the determinant can be
represented as

detM = [ D¢ Dc et ic®Mapc? d*x ®)

where (¢%,cP) is the anticommuting field
(Grassmann odd) with properties

cte) = =cJc,

¢te) = =él'e, )

cled +cict = se
The c? and ¢® fields are independent Grassmann
odd fields (both fields have different internal
symmetries and Grassmann algebra, although both
form Grassmann co-algebra). The c? field is usually
called the ghost field and ¢ is called the anti-ghost
field.

General Lorenz gauge F%[A,] = 0"A% +
C%* where C* is an arbitrary function, gives
8(F*[A,]) = c4. The partition function Z is not
affected by C® because &(F%[4,])=C? is a
multiplier in propagator [2] so that the propagator
will be given as

Z = [DA,DE Dc et ferd'x (10)
where
1
Legr=Lym + Lo + Lgn = — ZFu%Faw -
1 S
zza(auAﬁ) (0VAL) + icTMyy,cP. (12)

Now, M, can be found through [1] with

detM = det |21l = get(—garpg®). (12)
Fa=0
Therefore
1 1
Legg = — ;Eﬁ;Faw - EZQ(OHAZ) (0VAY) —
ic®o"DZbcP. (13)

For quantum electrodynamics with gauge
group U(1), the expression of the propagator Z
from the photon will be similar to equat_ion (6), i.e.
Z = [DA, Ap(A,)S(F[A,]) e (14)
and the form of identity will give results similar to
equation (7)
SF 1
= — = oK
Ar(A,) = det | el = det (204a,). (15)
By changing the determinant into an integral form,
and because of ghost propagators do not affect
electromagnetic ~ propagators,  electromagnetic
propagators can be written separately from ghost
propagators.  Electromagnetic ~ propagator is
expressed by
Z = [ DA, etf frmttor d'x (1)
where
1 1
Logp = =7 FunF* — 2—5(6#A“)(6"Av). (17)

LEAST ACTION AND GHOST FIELD

After obtaining the ghost field through the
Faddeev-Popov method, the ghost field will be
constructed using the least action principle as
performed in [5]. In this way explicit relations
between the ghost fields and the transformation
parameters are obtained.

We will review the consequences caused by
adding gauge fixing Lagrangian (Lorenz gauge) to
the Yang-Mills Lagrangian in equation (3). The
action of a Lagrangian must be gauge invariant, so
the action of L;r must be gauge invariant. The
proof is carried out through the least action principle
on L;r with gauge transformation as follows

Ja*x' Lop = [d*x (Lgp +6Lgp),  (18)
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S0 it gives results

Ler = Lo = Lr +6Lr (19)
where

Lop = —% (9,45)(3vA49). (20)
From equations (19) and (20) we obtaine

SLor = 7 (0,A)0" (gfiseAbal (xt) -

0, (@®(x"))) 21)
so transformation (19) is not invariant. In order for
transformation (19) to be invariant, take

0vDPal (xH) = 9” (gfgAbac(x) -
0,(a®(x"))) = 0. (22)

The parameter a® in equation (22) can be
considered as a field with the Lagrangian

L, = —i@%(x*)0V D ab (xH) (23)
where a®(x#) and a?(x*) are non-interrelated
gauge transformation parameters.

From equations (3) and (23) the total
Lagrangian is

— 1r-a puv
Ltot—_zP;‘wFa -

25 2a(0u40) (07 4) — i@ (x")9" Db (x), (24)
so based on the least action principle

= (9,44)0" D e (x#) +
i&a(x”)av(D’ﬁb — DgP)ab (x*) = 0. (26)

The property of a?(x*) can be determined by
taking £, = 0 so that equation (22) is fulfilled, so
that

k6L, = _92 acbfbedav (Agae(xﬂ)ac(x#)) +

975" ((Bua? (x1)) axt) @)

where k= ina%t, n is the a?(x*) field

normalization coefficient. Using
1 1
fabcSfcae = _Efjbdfjae = Efjbdfaje (28)

or
1,5 1,5
acbfbed = Y ]cefjad = 2 ]cefajdi (29)
then
8Lq 1 '
k=r=-39 a0” (Aﬁ ( lceae(xu)a«:(xu))) +

a4 .Y ((avab(x“)) ac(x“)>. (30)
The field (f%.a®a®) is substituted in the equation

of motion of the field a®(x*) i.e. eq. (22), so that
one obtains

_gfajdav (Ag(fjceaeac)) =
E)Va"(@-“fjceaeac). (31)
Substituting equation (31) in equation (30) we get

8Ly
- = _% abc(avab)(avac) +

% abc(avab)(avac) - %fabcab(avavac) +

2 Foe(970,aP)ac. (32)
Equation (32) gives two possible relations between

two parameter fields a?, which are Grassmann even
or Grassmann odd.

For Grassmann even with commutation
relations [a?,a¢] =0, the f;2(0Va?)(d,a) and
f2(0,a?) (8 a®) parts will satisfy

f(8val)(8,ac) = fE(0,a%)(9Val) =
—f$0,a)(0Va’) = —f(0,a)(@Va),  (33)
Likewise, the f,2a?(9Vd,a) and f,%(0Vd,a”)a”
parts will satisfy

feal(0V,a) = fi(3V0,a)a’ =
~f%(0"9,a9)a’ = —f5£(8V9,a")a”, (34)
S0 it gives

5Lq
5 = fe(0,a?)(0"ac) + f,2(0Va,a’)ac. (35)
From 6L, = 0, one gets
av ((avab)ac) = 0. (36)
Based on equation (36), L, is generally not
invariant. This shows that the relations between a?
and a¢ are not commutative.

On the other hand for the Grassmann odd with anti-
commutation relations {al,a} =0, the
f(8vab)(8,ac) and fi(d,a?)(@va®) parts will
satisfy

f2(9va)(8,a¢) = —f(8,a®)(9Va’) =
f&@yac)(9va’) = fy(dya”) (0 ac) (37)
Likewise, the f,2a?(8Vd,a) and f,%(0Vd,a’)a”
parts will satisfy

flab(@¥9,a¢) = —f2(0"9,a)a’ =

f4(0vo,a%al = f2(8vo,a’)aC, (38)
so that
k% = 0. (39)

Based on equation (39) it is clear that the a?
parameter fields satisfy Grassmann odd algebra.

The gauge transformation with Grassmann
odd parameters is called the BRST transformation.
The properties of a® will make £, invariant so that
its addition to the total Lagrangian is valid and
provides equations of motion that satisfy the
conditions in equation (22) so that L;r is also
invariant. Because the a® field does not appear in
experiment, the a® field (or which corresponds to
the a® field) is called the ghost field. For example,

taking c(x*) =—§aa(x“) will make equation
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(22) the ghost field equation of motion with
Lagrangian

Lgp = —ic®(x*)aVDEPcP (xH), (40)
which is invariant because a® and c“ have the same
properties. Therefore an effective Yang-Mills
Lagrangian is given by equation (13).

BRST SYMMETRY
BRST Transformation

Here we will apply the BRST (Becchi-
Rouet-Stora-Tyutin) transformations to the gauge
field (Yang-Mills field) and matter field . The
gauge transformation for the potential field Aj is
given by equations (1) and (2), while for the matter
field y is given by [1, 2]

oY = —itga®(x*)yY (41)

8(9u) = —id, (taa® (x*)) (42)
The BRST transformation is based on gauge
transformation with Grassmann odd transformation
parameters [5, 7], as

6pY = —igtan*(x*)y (43)
63(6111/’) = _igau(tana(xu)lp) (44)
8p(A,) = —toDFPnP (x*) (45)
SB(Aﬁ) = —ngnb(x“) (46)
with a mathematical relation, for example,

n4(x*) = —c*(x*) = éa“(x“). This relation is

not unique, provided that the gauge fixing
Lagrangian invariant conditions are fulfilled, in the
case of the Lorenz gauge given by equation (22).
Any Lagrangian that is invariant to the gauge
transformation will also be BRST invariant. In the
BRST transformation, the properties of the
transformation parameters are also extended by
making the BRST transformation parameters
transformed as 8 (n®(x*)) = 0 [5].

Based on the Grassmann odd properties of
the parameters n®(x*) and the Lie algebra of the
BRST transformation generator, the BRST
transformation generators satisfy t,t, = —t,t,. The
BRST transformation requires 8565 = 0, known as
the nilpotent property [5]. Because of this nilpotent
property, 6z acts as a Grassmann odd object. This
has the advantage that any Lagrangian with a BRST
variation form will have an invariant BRST action.
From the nilpotent properties, &5(dpY) and

Sg (6B(AZ)), we can produce the expression for

the transformation parameter n%(x*) in the form of
BRST variation.

For 65 (85Y) it will give

53(659) = —igta (85(1%) — 3 gfinn°) ¥ (47)
and for gauge field, it will give

55 (85(45)) = D (=85 (w x)) +
Lg (Fln Gome ) ). (48)

From these two results §z 65 will only vanish for all
fields if

85(n?(x1)) = > gfsn® e (xk)  (49)
Because the ghost field c*(x*) = —n%(x*) has the
same properties (Grassmann Odd) then

85(c*(x") = =3 gfiec (xM)ec (@) (50)

Effective BRST Lagrangian

Having obtained expression of BRST
transformation parameters n®(x*) and ghost field
c®(x*) in 85(n*(x*)) and 8z(c*(x*)), now, the
ghost field and the anti-ghost field are treated as an
independent field. Define

8p(c%(x*)) = B*(xH) (51)
where B%*(x*) is a scalar field, Lautrup-
Nakanishi auxiliary field [6, 7]. Using the
nilpotent property of the BRST transformation

55(B4(x")) = 65 (85(c%(x*))) = 0. (52)

That is, it can be added to any Lagrangian
term which is a variation of BRST [6], so that
Here Ly, iS BRST invariant because it is gauge
invariant. The Lagrangian term 850 corresponds to
the fixing of the gauge on the Yang-Mills field.
Choose
0(x#) = ¢%(x#) -3 B (M) + 6o (xm)|  (54)
where G%(x*) is the gauge fixing term [6]. For
example, using Lorenz gauge G%(x*) = d*AZ,
then

5p0(xH) = (858%) [ 3 EBA(xH) +

iR AG] — 2@ (et) |- 5 (8B (1)) +

za#(aBAﬁ)]. (55)
Therefore,

8p0(xH) = — 2 EBBY + iBAO* AL —
i (x*)o" (DEocP (x#) ). (56)

This additional Lagrangian term will give
the equation of motion for the field B% i.e.

a(8p0(xH) .

et = eheG — i0nag =0 (50)
By substituting eq. (57) in eq. (56) it is obtained
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850(x") = — 52 (9" A2)(3,4%) —
ic®(x)ok (Db (xH)) (58)
With the gauge fixing Lagrangian is the same as
equation (20) and the ghost field Lagrangian is the
same as equation (40). Thus, the effective
Lagrangian which is BRST invariant for the Yang-

Mills field is the Lagrangian that has been shown in
equation (13).

In addition, through the Faddeev-Popov
method on the Yang-Mills and by gauge fixing the
Lagrangian by inserting the BRST invariant identity

1= 0p(4Y) [ Dy 6(F[AY]) =
Ag(Ay) [ Dn 8(F4[4,]) (59)
a propagator with the same form in equation (10)
will be obtained with the effective Lagrangian given
by equation (11). The matrix M, will be as in
equation (12) so that the effective Lagrangian will
turn into equation (13).

CONCLUSION

The least action principle gives the
Grassmann odd properties of the ghost fields and
their relations to the gauge transformation and
BRST transformation parameters. This relations is
not unigue but must make the effective Lagrangian
invariant conditions fulfilled. It has also been
proven that by applying the Faddeev-Popov method
to the Lagrangian Yang-Mills in BRST symmetry,
the ghost field expression is obtained.

The least action principle, BRST variations
and path integrals provide the same effective
Lagrangian. This shows that the least action
principle method is valid to be used in finding
relations between ghost fields and transformation
parameters. Also in BRST symmetry, path integral
guantization of the gauge field with constraints will

provide the same propagator as the effective
propagator in gauge symmetry. This shows that the
effective Lagrangian is BRST invariant and fulfills
the path integral quantization. For further research,
we need to explore the canonical quantization of the
effective Lagrangian, BRST symmetry and its
relations to the Noether current, and BRST
Hamiltonian formalism.

REFERENCES

[1] Peskin, M. E., & Schroeder, D. V. An

Introduction to Quantum Field Theory.
Reading, Massachusetts: Perseus Books
Publishing LLC. (1995).

[2] Ryder, L. H. Quantum Field Theory.

Cambridge:
(1996).

[3] Faddeev, L. D., & Popov, V. N. Feynman
Diagrams for the Yang-Mills Field. Physics
Letter B, Vol. 25, 29-30. (1967). DOI:
https://doi.org/10.1016/0370-2693(67)90067-6

[4] Berezin, F. A. The Method of Second
Quantization. Orlando, Florida: Academic
Press Inc. (1966).

[5] Becchi, C., Rouet, A., & Stora, R.
Renormalization of Gauge Theories. Annals of
Physics. 98, 287-321. (1976). DOI:
https://doi.org/10.1016/0003-4916(76)90156-1

[6] Srednicki, M. Quantum Field Theory. Santa
Barbara, California: University of California,
Santa Barbara. (2006).

[7]1 Kugo, T., & Ojima, I. Local Covariant
Operator Formalism of Non-Abelian Gauge
Theories and Quark Confinement Problem.
Supplement of the Progress of Theoretical
Physics, No. 66. (1979). DOl:
https://doi.org/10.1143/PTPS.66.1

Cambridge  University  Press.


https://doi.org/10.1016/0370-2693(67)90067-6
https://doi.org/10.1016/0003-4916(76)90156-1
https://doi.org/10.1143/PTPS.66.1

