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Abstract

The Lattice Boltzmann Method is one of the computational fluid dynamics methods that can be applied
to simulate fluid based on the microscopic and kinetic theory of gases. In this study, earth mantle
convection is simulated by combining the concept of lid-driven cavity simulation and natural
convection using the Lattice Boltzmann method in a two-dimensional system (D2Q9). The results of
the lid-driven cavity and natural convection simulation are comparable to previous works. This study
shows that at a certain lid velocity, the direction of the moving plume is changed. This earth mantle
convection simulation will give better and more reliable results by considering more complicated

boundary conditions and adequate simulation systems.
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INTRODUCTION

Simulating fluid flows remains a big challenge for
scientists because of the unsolved complete Navier-
Stokes equation in the complex geometry domain.
Therefore, numerical methods are developed and
used to overcome this problem. One of the current
prospective methods is the lattice Boltzmann method
(LBM). This method is based on microscopic models
and kinetic equations, in contrast to the conventional
method which is based on the discretization of con-
tinuous macroscopic equations. By developing sim-
ple kinetic equations, solving complex equations
such as the Navier-Stokes equation, or reviewing in-
dividual particles as in molecular dynamics simula-
tions can be avoided. Therefore, this method has been
successfully applied in complex boundary conditions
and interactions between fluids with different phases.

The LBM concept is derived from lattice gas
automata, a kinetic model of discrete particles on a
discrete lattice and time. The idea to utilize this
kinetic equation was first carried out by Broadwell
[1] to study one-dimensional wave propagation. In
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this model, space and time are still continuous.
Furthermore, a model with discrete space and time
was introduced by Hardy et al. (1976) to study the
fluid transport properties [2]. Then, many
fundamental concepts in constructing the Navier-
Stokes equation from lattice gas automata were
developed and elaborated [3-7].

The concept of a lattice gas assumes that each
lattice can only be filled by a boolean variable (1 or
0). LBM replaces the concept of a boolean variable
with a particle distribution function so that the motion
of individual particles can be ignored. According to
McNamara and Zanetti (1988), this step eliminates
interference statistically [8]. The simplification of the
collision operator was carried out by Higuera and
Jimenez (1989) by assuming that the distribution
function has a value close to the local equilibrium
state [9]. This simple linear model of the collision
operator utilizes the relaxation concept known as the
Bhatnagar-Gross-Krook (BGK) collision operator
[10]. Sterling and Chen (1996) showed that the
Boltzmann lattice equation could be considered a
finite difference discretization of the Boltzmann
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equation [11]. He and Luo proved that LBM could be
derived from the Kinetic theory of gases [6].

It was shown that this method was successfully
applied in complex geometry as well as in multiphase
interactions. The capability of this method challenges
researchers to apply for simulating convection of the
earth interior, since understanding the dynamics of
earth interior is not yet satisfied due to its complexity
and technology limitations.

Guo and Zhao (2005) studied convection heat
transfer in porous media with a new distribution
function to simulate the temperature field. The results
show good agreement with the well-documented
literature [12]. Wanga et al. (2013) used the MRT
thermal LBM to simulate two flows in two
dimensions of a cavity with differentially heated
vertical walls and a rectangle heated from below [13].

Mora and Yuen (2017) presented a 2-D simulation
of a fluid in a rectangular box that is heated from the
bottom and cooled from above to mimic the regime
of relevance for geodynamical problems using the
LBM. They showed that the LBM has significant
potential for simulating thermal convection and
plume dynamics relevant to geodynamics with some
limitations [14]. Using the enthalpy-based Lattice
Boltzmann Method, Dai et al. (2018) simulated
natural convection melting in a cavity heated from
different sides. The cavity model in this study is
heated on one side, and three other sides are adiabatic
and have melting fluid [15].

Rui et al. (2020) applied the enthalpy-based lattice
Boltzmann model combined with the pseudo-
potential Lattice Boltzmann model to trace the solid-
liquid interface for the natural convection melting in
a square cavity [16]. Bourada et al. (2020) analyzed
a problem of mixed convection numerically in a lid-
driven square cavity, in which the upper wall is
movable and kept at constant cold temperature. In
contrast, the cavity contains a porous obstacle placed
on the bottom wall with a constant hot temperature
[17].

It is shown that in many developed models, the
tectonic plate and mantle are assumed as different
layers that are moving interdependently [18]. This
model will be chosen in this paper. The well-
established method of simulating fluid flow in lid-
driven cavity problems and natural convection
inspires us to simulate mantle convection by
combining both phenomena. This idea is based on the
resemblance between lid-driven cavity phenomenon
and tectonic plate movement at earth's surface and

natural convection phenomenon similar to a mantle's
plume.

MODEL AND ALGORITHM
Lattice Boltzmann Method

The key of the Lattice Boltzmann Method is the
following equation [4,5]:

filr + cibt t + AL = fi(r, £) + £ 1) -
fi(r,0)], (1)

where f;, £,°® and 7 stand for the distribution function
of i direction, equilibrium distribution function, and
relaxation time, respectively. The equation
determines the final distribution function formed at
the end of the relaxation time interval. Then, the
equilibrium distribution function is obtained from
normalized Maxwell distribution function with
Taylor expansion [4,5]
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If it is discretized at two dimensional with nine
directions (D2Q9), the equilibrium distribution
function is [4,5]

fieq(x, t) =wip(x,t) [1 +3(c; - u) —%uz +
2 (e wy?] 3)

where ¢; and w; stand for unit vector and weighting
coefficient along the direction i which has value as
following [5]:

co = (0,0) ,Wo =4/9
c; = (1,0) ,wi; =1/9
c, =(0,2) ,wp, =1/9
c3=(-10) ,w3=1/9
c, =(0,-1) ,w,=1/9
Cs = (1,1) ,Wg = 1/36
e =(—11) ,wg=1/36
¢, =(-1,-1) ,w, =1/36
cg=(01,-1) ,wg=1/36

Lid-driven Cavity

This model consists of three static walls and a moving
lid with constant speed U (Fig. 1). It is assumed that
we use incompressible fluid and no-slip walls.
Initially, the cavity is homogenous and filled by zero-
velocity fluid. In this simulation, we used 128x128
lattices, speed of lid U = 0.1,and viscosity v =
0.128. This setting yields a Reynold number by 100
(based on Re = U * N /v where N is the total number
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of lattices in the direction of U). The 2—dimensional
lattice Boltzmann method. The so-called D2Q9 is
applied in this paper. We obtained the data of
horizontal velocity of the fluid along the vertical line
at X = x/N, = 64/128 = 0.5, and vertical velocity
along the horizontal lineat Y = 0.5.

u=U,v=20
o
N 128 x 128
i Re =100 'i’
=
I 'I"l’
< =

Fig. 1. Lid-driven cavity model.

The algorithm of the simulation is as follows. The
simulation starts by defining several initial
parameters, i.e., system size, cover rate, viscosity,
wall position, and initial fluid density and rate in each
grid. Calculation of distribution functions is then
conducted using equations explained in the previous
section. The distribution function will flow to its
nearest neighbor lattice according to their respective
directions. Bounce back limit conditions on system
walls are applied. In the end, calculation of the
density and velocity of the fluid at each lattice point
in the system based on the updated distribution
function is carried out. This process is then repeated
until the expected result is reached. See Fig. 2 for the
flowchart of the algorithm.

Natural Convection

The natural convection is illustrated as shown in Fig.
3, where this model consists of a cold upper plate
(T; = 0) and hot bottom plate (T, = 1). A periodic
boundary condition connects the left and right sides
of the system. The size of the system is 51 pixels in
height and 102 pixels in width. A perturbation of T =
Ty + To/10 is given on the center of the bottom plate.

Initiate N, N,, U, u,
p(r,0),v(r,0)

calculate £ (r,t) and
f(r,t) at each lattice

Streaming:

f(r+civt)=f(rrt)

Boundary condition:
Bounce-back

Output p(r, t) and
v(r, t) of each lattice

Fig. 2. Lid-driven cavity simulation flowchart.
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Fig. 3. Natural convection model.

The simulation algorithm of natural convection is
shown in Fig. 4. It starts with inserting parameters,
i.e., system size, viscosity, Prandtl number, Rayleigh
number, wall position, temperature, density, and
initial fluid rate in each lattice. It is then followed by
calculating the temperature, density, and fluid
velocity at each lattice point in the systems. The
collision process follows the equation explained in
the previous sections. Implementation of the bounce-
back boundary conditions on solid walls and periodic
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boundary conditions on the left and right sides of the
system is carried out. Subsequently, the distribution
function will flow to its nearest neighbor lattice
according to their respective directions. Boundary
conditions due to the influence of the temperature
source on the top plate and bottom plate are applied.
The process of calculating macroscopic quantities is
conducted until the simulation time limit is reached.

Initiate N, Ny, U, u, Pr,Ra,
p(r,0),v(r,0),T(r,0)

Calculate :
g9%(r,t),g(r,t), f*U(r, t) and f (1, t)

Boundary conditions
Bounce-back & periodic

Streaming:
f(r+cirt) =f(rrt)
g(r+cth) = g(r't)

Output p(r, t) and
v(r,t)

2
(vx(r,t) » 179«f(r,t—1000))
N.

std > 107°

Fig. 4. Natural convection simulation flowchart.

MANTLE CONVECTION

This model is a combination of the lid-driven cavity
and natural convection model. This model has a
moving-cold-upper plate with velocity U = 0.1 and a
static-hot-bottom plate (Fig 5). Rayleigh number is
2,000,000. The algorithm of this simulation is almost
similar to the natural convection algorithm, and the
only difference is the boundary condition for
distribution function on the upper plate because the

plate is moving like the lid in a lid-driven cavity
problem.

51 x 102

Fig. 5. Mantle convection model.

RESULTS AND DISCUSSION
Lid-driven Cavity

The graph of the horizontal velocity of the fluid along
the vertical line at X = 0.5 and vertical velocity along
the horizontal line at Y = 0.5 is shown in Fig. 6 and
7, respectively. The data is taken at the 40,000"" time
step.
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Fig. 6. Horizontal velocity plot using LBM and plot by
Ghia et al. [19].
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Fig. 7. Vertical velocity plot using LBM and plot by
Ghiaetal. [19]
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By comparing it to the result from Ghia et al. [19],
the RMS error is only about 0.34% for horizontal
velocity and 0.81% for wvertical velocity. Our
reference uses the Navier-Stokes equation and finite
difference in solving the lid-driven cavity problem

[4].

Fig. 8. Top: streamline in the cavity by Ghia et al. [19],
bottom: streamline with vector velocity in the cavity by
LBM.

Analyzing the graphs above, we can predict that
the moving lid creates a vortex inside the cavity. This
claim is proven when we plot the streamline of the
fluid (Fig. 8 bottom). We also plot the velocity vector
to see the direction of the moving fluid.

Natural Convection

Analytically, natural convection occurs at a Rayleigh
number of 1707.762 [20]. In this simulation, we
observed that the critical Rayleigh number is 1728.
This shows that the error is only at 1.18% between
LBM-based simulation and the analytical result. The
simulation result is shown in Fig. 9: a steady-state
isotherm plot where blue indicates a low-temperature
fluid and red indicates a high temperature. When the
Rayleigh number is 1728, a perturbation will grow,
resulting in a rise in the convection. Hence, heat will
not only propagate through conduction but also via
convection. The streamline and velocity vector in
Fig. 10 shows how the fluid is flowing in the system.
We can see that the perturbation position becomes the
position of arising fluid when convection occurs.

E—
1

0.5

e
Fig. 9 Steady-state Isotherm of the natural convection
when Rayleigh number is 1728

Fig. 10 Streamline and velocity vector plot of
natural convection when Ra = 1728

Fig.11 Steady-state isotherm with Rayleigh number
under critical value.

The perturbation will decay whenever the
Rayleigh number is lower than its critical value,
causing no convection to be observed. In Fig. 11, the
temperature changes linearly from high to low
temperature because heat will only propagate through
conduction. Therefore, no circulating fluid exists in
the system. Or in other words, the system remains
stable until it reaches a steady-state.

Furthermore, if the Rayleigh number is far above
its critical value (Ra = 2,000,000), heat propagation
through convection will dominate. The perturbation
will produce a plume-like phenomenon. The
simulation is shown in figure 12. After it reaches the
steady-state, the isotherm plot will show two vortexes
that are caused by convection (Fig. 13).
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Fig. 12. Several snapshots of Isotherm plot
when Rayleigh number is 2,000,000.
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Fig. 13. Steady-state isotherm with Rayleigh
number is 2,000,000
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Fig. 14. Several snapshots of Isotherm plot in
mantle convection simulation (Ra =
2,000,000).

Mantle Convection

By combining the lid-driven cavity and natural
convection model, the result as shown in Fig. 14 is
obtained. We can see how the upper plate movement
influences the flow of fluid. The rising fluid gets
affected by the moving plate to the right side. This
phenomenon is similar to mantle convection, where
the plume from the bottom of the mantle arises to the
upper-moving-cold tectonic plate. In Fig. 15, the
plume's position is shifted from left to right. We
hypothesize that this is caused by a relatively high
velocity of the upper plate, simple fluid assumptions,
narrow gap between plates, or periodic boundary
condition effects.
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Fig. 15. Several snapshots of Isotherm plot in
mantle convection simulation after t = 29,000
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Fig. 16. Several snapshots of Isotherm plot in
mantle convection simulation for U = 0.12

l

In contrast with the former case, if the upper plate
velocity is higher than 0.12, the plume will shift from
right to left. This is shown in figure 16. To get an
insight into how this phenomenon happens, we plot
the streamline and velocity vector of both cases (U =
0.1 and U = 0.12). We found that shifting the plume
from right to left is caused by another vortex between
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the upper plate and the lowest vortex.

Fig. 17. Streamline comparison between upper
plate velocity (left) U = 0.1 and (right) U =
0.12

CONCLUSION

In this paper, we successfully simulate lid-driven
cavity and natural convection using the Lattice
Boltzmann Method. Even though combining these
results to create mantle convection simulation gives
a promising development, adjusting parameter and
boundary conditions are needed to produce a more
realistic state in mantle convection.
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